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Motivation

“Sorting with Bialgebras and Distributive Laws” (HJHWM, 2012)
Intrinsically correct version using cubical agda
Haskell examples using the recursion-schemes library
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Folds

a list:
∷

foo ∷

bar ∷

baz ∷

biz []

a fold (length):
const (1+)

foo const (1+)

bar const (1+)

baz const (1+)

biz 0

length = foldr 0 (const (1+))
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Unfolds

unfoldr :: (b -> Maybe (a, b)) -> b -> [a]

replicate :: a -> Nat -> [a]

replicate e = unfoldr produce where

produce :: Nat -> Just (a, Nat)

produce = \case Zero -> Nothing; n@(Suc m) -> Just (e, m)

repeat :: a -> [a]

repeat e = unfoldr produce where

produce :: () -> Maybe (a,())

produce = const (Just (e,()))

foldNat :: b -> (b -> b) -> Nat -> b

replicate' e = foldNat [] (e ∷)
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Base Functor

type family Base t :: * -> *

data ListF a r = Nil | Cons a r

type instance Base [a] = ListF a

data NatF r = Zero | Suc r

type instance Base Nat = NatF
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Algebraic Semantics
Categorical semantics of folds

Let 𝐹 ∶ 𝒞 → 𝒞 be an endofunctor 𝑋 ∶ 𝒞, 𝜑 ∶ 𝐹𝑋 → 𝑋. Then 𝐹𝑋
𝜑
−→ 𝑋

(or (𝑋, 𝜑)) is an F-Algebra, and 𝑋 its carrier.

Algebra:
𝐹𝑋

𝑋

𝜑

Algebra-Hom:
(𝑋, 𝜑)

𝑓
→ (𝑌 , 𝜓)

𝐹𝑋 𝐹𝑌

𝑋 𝑌

𝜑

𝐹𝑓

𝜓
𝑓

Initial Algebra: (𝜇𝐹 , in)
s.t. ∀(𝑋, 𝜓).
𝐹𝜇𝐹 𝐹𝑋

𝜇𝐹 𝑋

in

𝐹⦅𝜓⦆

𝜓

⦅𝜓⦆
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Coalgebraic Semantics
Categorical semantics of unfolds

Let 𝐵 ∶ 𝒞 → 𝒞 be an endofunctor 𝑋 ∶ 𝒞, 𝜑 ∶ 𝑋 → 𝐵𝑋. Then 𝑋
𝜑
−→ 𝐵𝑋

(or (𝑋, 𝜑)) is a B-Coalgebra, and 𝑋 its carrier.

Coalgebra:
𝐵𝑋

𝑋

𝜑

Coalgebra-Hom:
(𝑋, 𝜑)

𝑓
→ (𝑌 , 𝜓)

𝐵𝑋 𝐵𝑌

𝑋 𝑌

𝜑

𝐵𝑓

𝜓
𝑓

Final Coalgebra:
(𝜈𝐵, out) s.t. ∀(𝑋, 𝜓).

𝐵𝜈𝐵 𝐵𝑋

𝜈𝐵 𝑋

out

𝐵〖𝜓〗

𝜓
〖𝜓〗
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Bialgebraic semantics
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Bialgebraic semantics

⦅〖𝜎𝜈𝐵 ∘ 𝐹out〗⦆ = 〖⦅𝐵in ∘ 𝜎𝜇𝐹⦆〗
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Bialgebraic semantics: Takeaway

Map between recursive types w/ base functors F, B

Provide business logic :: forall r. F (B r) -> B (F r)

Receive extensionally identical maps defined as fold/unfold
:: Mu F -> Nu B
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replicate, bialgebraically

⦅〖𝜎𝜈𝐵 ∘ 𝐹out〗⦆ = 〖⦅𝐵in ∘ 𝜎𝜇𝐹⦆〗
swap :: a -> NatF (ListF a r) -> ListF a (NatF r)

swap e = \case

Zero -> Nil

Suc Nil -> Cons e Zero

Suc (Cons _ r) -> Cons e (Suc r)

replicate, replicate' :: forall a. a -> Nat -> [a]

replicate e = fold (unfold (swap e . fmap @Maybe out))

replicate' e = unfold (fold (fmap @(ListF a) 𝑖n . swap e))
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Sorting with bialgebras and distributive laws

infixr 5 :⋊, :⊗

pattern a :⋊ r = Cons a r

pattern a :⊗ r = Cons a r

type L a = ListF a

type O a = ListF a

σ :: (Ord a) => L a (O a r) -> O a (L a r)

σ = \case

Nil -> Nil

a :⊗ Nil -> a :⋊ Nil

a :⊗ (b :⋊ r)

| a <= b -> a :⋊ b :⊗ r

| otherwise -> b :⋊ a :⊗ r

insSort, bubblesort :: forall a. Ord a => [a] -> [a]

insSort = fold (unfold (σ . fmap @(L a) out))

bubblesort = unfold (fold (fmap @(O a) 𝑖n . σ))
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Sort Club
The first rule of sorting is: The output list should be ordered.
∑𝑛∈ℕ{𝜎 ∈ 𝐴𝑛 ∣ ∀𝑖 < 𝑛 − 1. 𝜎𝑖 ≤ 𝜎𝑖+1}
The second rule of sorting is: The output is a permutation of the
input.

List Ordered List

Multiset
elements

sort

elements

Figure: A real-life sort
club
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Slice Category

Given a category 𝒞 and an object 𝐵∶ 𝒞, the slice category 𝒞/𝐵 has:
As objects pairs (𝑋, 𝑔) where 𝑋∶ 𝒞 and 𝑔∶ 𝑋 → 𝐵.
As morphisms (𝑋1, 𝑔1) → (𝑋2, 𝑔2) 𝒞-maps 𝑓∶ 𝑋1 → 𝑋2 s.t.
𝑔2 ∘ 𝑓 = 𝑔1, i.e. the following diagram commutes:

𝑋1 𝑋2

𝐵
𝑔1

𝑓

𝑔2

{𝐴𝑛}𝑛∈ℕ ∼ (𝐴∗, length) ∶ Set/ℕ
𝐴𝑛 ∼ length−1(𝑛); length(𝑥 ∈ 𝐴𝑛) = 𝑛

Cass Alexandru When the Types Align 2024-01-05 13 / 21



Axiomatic Multiset HIT

{-# OPTIONS --cubical #-}

open import Cubical.HITs.FiniteMultiset

Axiomatic multiset:
data FMSet (A : Type ℓ) : Type ℓ where

[] : FMSet A

_∷_ : (x : A) → (xs : FMSet A) → FMSet A

comm : ∀ x y xs → x ∷ y ∷ xs ≡ y ∷ x ∷ xs
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Element-Indexed List Base Functor

data L {l} {A : Type l} (r : FMSet A → Type l) : FMSet A → Type l where

[] : L r []

_∷_ : {g : FMSet A} (x : A) → (r g) → L r (x ∷ g)

foldL : {l : Level} → {A : Type l} → {r : FMSet A → Type l} → {g : FMSet A} →

({g₂ : FMSet A} → L r g₂ → r g₂) → μL g → r g

foldL alg [] = alg []

foldL alg (x ∷ xs) = alg (x ∷ foldL alg xs)
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Ordered Element-Indexed List Base Functor

data O (r : FMSet A → Type ℓ) : FMSet A → Type ℓ where

[] : O r []

_⋊_ : {g : FMSet A} (x : A) → (rg : r g) → All (x ≤_) g → O r (x ∷ g)

data νO : FMSet A → Type ℓ where

[] : νO []

_⋊_ : {g : FMSet A} (x : A) → (rg : νO g) → All (x ≤_) g → νO (x ∷ g)
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Unfolding into an inductive datatype

unfoldO : {r : FMSet A → Type ℓ} → {g : FMSet A} →

({g₂ : FMSet A} → r g₂ → O r g₂) → r g → νO g

unfoldO grow seed with grow seed

... | [] = []

... | (x ⋊ seed′) prf = (x ⋊ unfoldO grow seed′) prf
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Consulting Agda’s termination checker

> agda -v term:5 DistrLaw.lagda

...

kept call from DistrLaw.with-240 ((ℓ)) ((A)) ((_≤_)) ≤-Toset total≤ ((r))

(x ∷ g) grow ((seed)) (_⋊_ g x seed′ prf)

to DistrLaw.unfoldO (ℓ) (A) (_≤_) (≤-Toset) (total≤) (r) (g) (grow) (seed′)

call matrix (with guardedness):

= ? ? ? ? ? ? ? ? ? ?

? ? ? ? ? ? ? ? ? ? ?

? ? ? ? ? ? ? ? ? ? ?

? ? ? ? ? ? ? ? ? ? ?

? ? ? ? = ? ? ? ? ? ?

? ? ? ? ? = ? ? ? ? ?

? ? ? ? ? ? ? ? ? ? ?

? ? ? ? ? ? ? -1 ? ? -1

? ? ? ? ? ? ? ? = ? ?

? ? ? ? ? ? ? ? ? ? -1

{DistrLaw.unfoldO} does termination check

Help??
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Well-foundedness of 𝑂-Coalgebras

𝑐 ∶ (𝑋, 𝑔) → 𝑂(𝑋, 𝑔)
𝑐𝑛 ∶ 𝑋 → 1 + 𝑋
𝑐0(𝑥) ≔ inr(𝑥)

𝑐𝑛+1(𝑥) ≔ {
inl(⋆) 𝑐𝑛(𝑥) = inl(⋆)
𝑐(𝑦) 𝑐𝑛(𝑥) = inr(𝑦)

𝑋

ℳ(𝐴)

𝑂𝑋

𝑐

𝑔

[∅,∷∘(id×𝑔)]

𝑐 well-founded: ∀𝑥 ∈ 𝑋. ∃𝑛. 𝑐𝑛(𝑥) = inl(⋆)
Idea: Use 𝑔 as a ranking function into well-order (ℳ(𝐴), ⊂)
Case 𝑐(𝑥) = inr(𝑎, 𝑟): 𝑔(𝑥) = 𝑎 ∷ 𝑔(𝑟) ⇒ 𝑔(𝑟) ⊂ 𝑔(𝑥)
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Distributive law

open IsToset ≤-Toset

σ : {g : FMSet A} {r : FMSet A → Type ℓ} → L (O r) g → O (L r) g

σ [] = []

σ (x ∷ []) = (x ⋊ []) []

σ (x ∷ (x₁ ⋊ rg) x₂) with total≤ x x₁

...| inl x≤x₁ = (x ⋊ (x₁ ∷ rg)) (x≤x₁ ∷ (≤-to-# is-trans x≤x₁ x₂))

...| inr x₁≤x = subst (O (L _)) (comm _ _ _) ((x₁ ⋊ (x ∷ rg)) (x₁≤x ∷ x₂))

comm : ∀ x y xs → x ∷ y ∷ xs ≡ y ∷ x ∷ xs

subst : (B : A → Type ℓ') (p : x ≡ y) → B x → B y
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Intrinsically verified sorting

insSort : {g : FMSet A} → μL g → νO g

bubblesort : {g : FMSet A} → μL g → νO g

insSort = foldL (unfoldO (σ ∘ mapL outO))

bubblesort = unfoldO (foldL (mapO inL ∘ σ))
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